Abstract. In this paper, we have applied a three-dimensional approach for calculation of the relativistic nucleon-nucleon potential. The quadratic operator relation between the non-relativistic and the relativistic nucleon-nucleon interactions is formulated as a function of relative two-nucleon momentum vectors, which leads to a three-dimensional integral equation. The integral equation is solved by the iteration method, and the matrix elements of the relativistic potential are calculated from non-relativistic ones. Spin-independent Malfliet-Tjon potential is employed in the numerical calculations, and the numerical tests indicate that the two-nucleon observables calculated by the relativistic potential are preserved with high accuracy.
Introduction
The inputs for the relativistic three-body (3B) bound and scattering state calculations [1] - [9] are the fully off-shell relativistic nucleon-nucleon (N N ) t−matrices, which can be obtained by solving the relativistic Lippmann-Schwinger (LS) integral equation using relativistic N N interactions.
It is known that there is a nonlinear operator relation between the non-relativistic and the relativistic N N interactions. So, the first step toward the calculation of relativistic t−matrices is the calculation of the relativistic potentials from non-relativistic ones. To this aim, the matrix elements of the relativistic N N potential in momentum space are traditionally calculated by solving the nonlinear equation using the following different methods.
In the spectral expansion method, the quadratic equation is solved by inserting a completeness relation of the N N bound and scattering states into the right side of the quadratic equation and by projecting the result into the momentum space [10, 11] . So, by having the non-relativistic potential one can first calculate the N N bound state wave function and scattering half-shell t−matrix and used the result to solve the nonlinear equation.
In the iteration method, the nonlinear equation is solved by iteration. Kamada and Glöckle introduced a powerful numerical technique to calculate the matrix elements of the relativistic N N potential directly from the matrix elements of the non-relativistic N N potential [12] . In this a hadizadm@ohio.edu b radin@kntu.ac.ir method, the nonlinear integral equation is solved using the iteration method to get relativistic and boosted potentials from non-relativistic ones. It is successfully implemented in the N N problem, but it has not yet been extended to a three-dimensional (3D) approach.
Another method is to multiply the non-relativistic potential by a function that depends on N N relative momenta, in such a way that both the non-relativistic and the relativistic potentials leads to same phase shifts and observables [13] . The function is defined in such a way that it changes the non-relativistic kinetic energy to relativistic kinetic energy by rescaling the momentum variables, which leads to the same 2N binding energy for both nonrelativistic and relativistic potentials.
In the past decade a 3D approach based on momentum vector variables was developed to study the few-body bound and scattering problems [14] - [40] . In the 3D approach one works directly with vector variables which lead to 3D integral equations, whereas the partial wave (PW) representation in the angular momentum basis leads to coupled equations. In the PW representation, depending on the energy scale of the problem, one must sum PWs, and consequently at higher energies one needs to consider a larger number of PWs, however the 3D approach automatically contains all PWs and the number of equations is energy independent.
We would like to point out that as Polyzou and Elster have shown one can directly calculate the relativistic t−matrix from the non-relativistic one, without needing to solve the nonlinear equation. Consequently, one does not need to solve the LS equation for the embedded N N inter-action, and one can calculate the fully off-shell relativistic t−matrix by following a two-step process. The first step is to obtain the relativistic right-half-shell (RHS) t−matrix from the non-relativistic RHS t−matrix by an analytical relation proposed by Coester et al. [41] . The second step is to calculate the fully-off-shell t−matrix from the RHS t−matrix by solving a first resolvent equation. Keister et al. [42] proposed the method and it is implemented for the first time in a 3B scattering calculation [34] in this way. Using the direct calculation of the relativistic t−matrix from the non-relativistic one, recently the relativistic effects were studied in the 3B binding energy using a 3D scheme [14, 16] . The relativistic 3B wave function was calculated for the first time, and it was shown that the relativistic effects lead to a reduction of about 3% in the 3B binding energy for two models of a spin-independent Malfliet-Tjon type potential. Since the 3D approach automatically considers all PWs, if it works for the bound state, it can also be extended to the scattering problem, independent of the range of energy. The next step is to consider the spin and isospin degrees of freedom and work with realistic N N interactions.
In this work, we have applied the iteration method proposed by Kamada and Glöckle to construct the relativistic N N potential from the non-relativistic Malfliet-Tjon potential in a 3D scheme, without using the PW decomposition.
2 Three-dimensional formulation of the quadratic operator relation between the relativistic and non-relativistic N N potentials According to Bakamjian and Thomas [43] and Fong and Sucher [44] , the relativistic N N dynamics is specified in terms of the N N mass operator h
where ω(p) = 2E(p) = 2 m 2 + p 2 , m is the mass of the nucleons and p is the relative momentum of two nucleons. The connection between the relativistic and nonrelativistic N N potentials, i.e. V r and V nr , is defined by the quadratic operator equation [12] 
The matrix elements of the relativistic potential can be obtained from the non-relativistic N N potentials by the projection of Eq. (2) into the N N basis states |p
In our study we have followed Kamada and Glöckle's strategy [12] to obtain the matrix elements of the relativistic N N potential, i.e. p|V r |p , directly from the nonrelativistic one, i.e. p|V nr |p without using PW decomposition. Here we discuss the numerical solution of Eq.
(3) as a function of the magnitude of the momentum vectors and the angle between them. In our calculations we have used the spin independent Malfliet-Tjon (MT) potential, which is a superposition of short-range repulsive and long-range attractive Yukawa interactions [45] 
where q = p − p. The parameters of the MT-I potential are given in Table 1 . In order to obtain the matrix elements of therelativistic potential, we have solved Eq. (3) by the iteration method. A coordinate system is defined by choosing the relative momentum vector p parallel to z−axis and vector p in the x − z plane, so that Eq. (3) can be written explicitly as 
where
We start the iteration with
and stop it when the calculated relativistic potential satisfies Eq. (5) with a relative error of 10 −6 at each set point (p, p , x ). To speed up the convergence procedure in solving Eq. (5) we can redefine the relativistic potential in each step of the iteration as a linear combination of the calculated relativistic potential in the last two successive iterations as
Kamada and Glöckle have used α = β = 1 in their calculations for the AV18 potential. Our numerical analysis shows that the larger values of α can lead to faster convergence in the solution of Eq. (5). In Table 2 we have shown the number of iterations to reach convergence in Eq. (5) for different values of α and β. It indicates that α = 4 and β = 1 leads to faster convergence for the calculation of the relativistic potential from the MT-I bare potential. Table 2 . The number of iterations Niter, to reach the convergence in the solution of equation (5) for MT-I potential as a function of averaging parameters α and β.
α
The typical values for p 1 , p 2 and p max are 4, 9 and 60 fm −1 respectively. In our calculations we have used 100 mesh points for the momentum variables, 50 mesh points for the spherical and 10 mesh points for the azimuthal angle variables. In each iteration we needed to interpolate on the angle variable y and to avoid extrapolation we have added the extra points ±1 to the angle mesh points x . In order to save run time and memory in solution of equation (5) we have used the symmetry property of the kernel to calculate the integration over azimuthal angle φ on the
In Figs. 1 and 2 we have shown our numerical results for the relativistic potential calculated from the MT-I potential. The bare MT-I potential as well as the difference between the bare and constructed relativistic potentials is also shown. The plots of Fig. 1 show the non-relativistic and relativistic potentials as well as their difference as a function of the relative momenta p = p and the angle between them x . It seems the solution of the quadratic equation for the relativistic potential completely changes the structure of the potential at forward angles for diagonal matrix elements p = p , and the relativistic potential is almost smooth in comparison with the non-relativistic potential. The corresponding plots in Fig. 2 , show the partial wave projection of the non-relativistic and the relativistic potentials and also their differences, calculated from the 3D representation by V l (p, p ) = 2π
, as a function of the relative momenta p and p . As we can see the matrix elements of the relativistic and nonrelativistic potentials are larger for the lower partial waves and consequently their differences become higher. Table 3 shows an example of the convergence of the matrix elements of the relativistic potential by iteration number for the fixed points (p = 0.87 fm −1 , p = 2.09 fm −1 , x = 0, ±1) for α = 2 and β = 1.
3 Numerical tests of the relativistic potential
N N bound state
The total Hamiltonian of two interacting nucleons in the center of mass system is:
m is the free Hamiltonian, V nr (p, p ) is the non-relativistic N N interaction and p(p ) is the initial (final) relative momentum of two nucleons. The Lippmann-Schwinger equation for the two-nucleon bound state is given as
which can be represented in momentum space as the following eigenvalue equation
The relativistic Schrödinger equation for the two-nucleon bound state has the form where M d is the deuteron mass. The relativistic deuteron wave function |ψ d satisfies the eigenvalue equation
Our numerical results for the deuteron binding energy and wave function calculated by relativistic and non-relativistic potentials are given in Table 4 and Fig. 3 . As we can see the constructed relativistic potential preserves the deuteron binding energy obtained by the bare MT-I potential with high accuracy and the relative percentage difference of about 0.06.
N N scattering
The inhomogeneous Lippmann-Schwinger equation which describes two-nucleon scattering can be represented in momentum space as
+ dp V nr (p, p )
The differential cross section for elastic N N scattering as a function of incident projectile energy
Consequently, the total cross section can be obtained directly from the differential cross section as
The relativistic N N scattering can be described by the relativistic form of the Lippmann-Schwinger equation as
The relativistic differential and total cross sections can be obtained by Eqs. (18) and (20) and by replacing m with m 2 + p 2 0 . In Table 5 , our numerical results for the total elastic N N scattering cross sections obtained by the constructed relativistic potential from the MT-I potential are given as a function of the on-shell momentum p 0 . As we can see the relativistic total cross sections are in excellent agreement with the corresponding non-relativistic cross sections and have a percentage relative difference of less than 0.007. N N phase shifts in the PW scheme are calculated by
where the partial wave T −matrix, i.e. T l (p 0 ), can be obtained from the 3D form of the T −matrix, i.e. T (p 0 , p 0 , x ), as
In Table 6 , we have shown our numerical results for the s− and p−wave N N phase shifts as a function of the onshell momentum p 0 calculated from the projection of the 3D form of the non-relativistic and relativistic T −matrices by Eq. (23). As we can see the relativistic s− and p−wave N N phase shifts are in excellent agreement with the corresponding non-relativistic ones and have a relative percentage difference of less than 0.004 and 0.01 respectively.
Discussion and outlook
In this paper, we have used a three-dimensional approach to formulating the relativistic nucleon-nucleon potential as a function of the two-body relative momentum vectors. The quadratic equation which connects the relativistic and non-relativistic nucleon-nucleon interactions is presented in momentum space as a three-dimensional integral equation. For the first numerical implementation, the integral equation is solved by the spin-independent Malfliet-Tjon Table 6 . The s− and p−wave phase shifts, δ0 and δ1, calculated by the MT-I bare and relativistic potentials as a function of the on-shell momentum p0. potential, and the matrix elements of the relativistic potential are calculated as a function of the two-body relative momenta and the angle between them. Our numerical analysis confirms that the two-body observables calculated from the relativistic potential are preserved. The extension of this formalism to realistic nucleon-nucleon interactions with spin degrees of freedom in a momentumhelicity basis state is currently underway.
